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Corotational Total Lagrangian Formulation
for Three-Dimensional Beam Element

Kuo Mo Hsiao*
National Chiao Tung University, Hsinchu, Taiwan, Republic of China

A corotational total Lagrangian formulation of beam element is presented for the nonlinear analysis
of three-dimensional beam structures with large rotations but small strains. The nonlinear coupling among
the bending, twisting, and stretching deformations is considered. All of the element deformations and
equations are defined in body-attached element coordinates. Three rotation parameters are proposed to
determine the orientation of the element cross section. Two sets of element nodal parameters termed
explicit nodal parameters and implicit nodal parameters are introduced. The explicit nodal parameters
are used in the assembly of the system equations from the element equations and chosen to be three
components of the incremental translation vector and three components of the incremental rotation vec-
tor. The implicit nodal parameters are used to determine the deformations of the beam element and
chosen to be three components of the total displacement vector and nodal values of the three rotation
parameters. The element internal nodal forces corresponding to the implicit nodal parameters are ob-
tained from the virtual work principle. Numerical examples are presented and compared with the nu-
merical and experimental results reported in the literature to demonstrate the accuracy and efficiency

of the proposed method.

1. Introduction

HREE-DIMENSIONAL beams are very important struc-
tural elements in all types of engineering systems. In many
applications, these beam elements undergo finite rotations that
require a nonlinear formulation to their structural analysis. The
development of new and efficient formulations for nonlinear
analysis of beam structures has attracted the study of many
researchers in recent years. Based on different kinematic as-
sumptions, different alternative formulation strategies and pro-
cedures to accommodate large rotation capability during the
large deformation process have been presented.'® The kine-
matic assumptions used in Refs. 4, 5, 7, 11, and 17-19 are
based on Timoshenko’s hypothesis: the effect of stretching,
bending, torsion, and transversc shear are taken into account.
However, the warping of cross sections are only considered in
Refs. 4, 7, and 19. In Refs. 2 and 13-15, the Euler-Bernoulli
hypothesis is employed, and the warping of the cross sections
is used to consider coupled bending-torsion phenomena. The
formulations, which have been used in the literature, might be
divided into three categories: total Lagrangian (TL) formula-
tion, 2> 7 101L13-15.17-20 “yhdated  Lagrangian (UL) formula-
tion,*>*!? and corotational (CR) formulation.®**" It should be
noted that within the corotating system either a TL or a UL
formulation, or even a formulation based on a small deflection
theory, may be employed. In Refs. 8 and 9, a simple and ef-
fective CR formulation of beam element and numerical pro-
cedure is proposed for geometrically nonlinear analysis of spa-
tial frames using incremental-iterative methods. This method
is proven to be very effective by numerous numerical exam-
ples studied in Refs. 8 and 9. However, the nonlinear coupling
among the bending, twisting, and stretching deformations, which
are essential for the solution of lateral and torsional buckling
of beam structures, is not considered in Refs. 8 and 9.
The objective of this paper is to present a corotational total
Lagrangian formulation for three-dimensional beam element
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that includes the nonlinear coupling among the bending, twist-
ing, and stretching deformations.

The numerical algorithm used here is an incremental-itera-
tive method based on the Newton-Raphson method combined
with constant arc length of incremental displacement vec-
tor.®! To improve the convergence properties of the equilib-
rium iterations, the two-cycle iteration scheme proposed in Ref.
22 is employed. Numerical examples are presented and com-
pared with the numerical and experimental results reported in
the literature to demonstrate the accuracy and efficiency of the
proposed method.

II. Nonlinear Formulation

The following assumptions are made in the derivation of the
nonlinear behavior.

1) The beam is prismatic and slender, and the Euler-Ber-
noulli hypothesis is valid.

2) The centroid and the shear center of the cross section
coincide.

3) The unit extension and twist rate of the beam element
along the deformed axis of the shear center are constants.

4) The cross section of the beam element does not deform
in its own plane, and strains within this cross section can be
neglected.

5) The out-of-plane warping of the cross section is the prod-
uct of the twist rate of the beam element and the Saint Venant
warping function for a prismatic beam of the same cross section.

6) The deformations of the beam element are small.

Coordinate Systems

In this paper, a corotational total Lagrangian formulation is
adopted. To describe the motion of the system, we define three
sets of coordinate systems:

1) A fixed global set of coordinates, X;, i = 1, 2, 3 (Fig.
1); the nodal coordinates, incremental nodal displacements and
rotations, and equilibrium equations of the system are defined
in these coordinates.

2) Element coordinates, x;, i = 1, 2, 3 (Fig. 1); a set of
element coordinates is associated with each element. The or-
igin of this coordinate system is located at node 1, the x, axis
is chosen to pass through the two end nodes of the element,
and the x, and x; axes are determined from the orientations of
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Fig. 1 Coordinate systems.

unwarped end cross sections of the beam clement in a manner
to be specified later. The deformations, internal nodal forces,
and stiffness matrices of the individual elements are defined
in terms of these coordinates.

3) Element cross section coordinates, x;i, i = 1, 2, 3 (Fig.
1); a set of element cross section coordinates is associated with
each cross section of the beam element. The origin of this co-
ordinate system is rigidly tied to the shear center of the un-
warped cross section. The x] axes are chosen to coincide with
the normal of the corresponding unwarped cross section, and
the x3; and x3 axes are chosen to be the principal directions of
the unwarped cross section. In this paper the element defor-
mations are determined by rotations of these coordinate sys-
tems relative to the element coordinate system.

For convenience of the later discussion, the term “rotation
vector” is used to represent a finite rotation. Figure 2 shows
a vector b that as a result of the application of a rotation vector
¢a is transported to a new position b’. The relation between
b and b' may be expressed as”

b’ = cos¢b + (1 — cosd)(a- b)a + sing(a X b) )]

where ¢ is the angle of counterclockwise rotation, and a is the
unit vector along the axis of rotation.

In this study, { } denotes column matrix, and ( ),, = ( )’
denotes differentiation with respect to s.

Let the position vectors of a point P (see Fig. 1) on the
centroid axis of the beam member before deformation and after
deformation be {x, 0, 0} and {x.(s), v(s), w(s)}, respectively,
in the element coordinate system, where s is the arc length of
the deformed centroid axis measured from one end of the beam
to this point. With the addition of assumption 3, we may obtain

s=(1+ e)x 3]
€ = (S —L)/L 3)

where € is the unit extension of the undeformed arc length of
the centroid axis, and S and L are the arc length of the de-
formed and undeformed centroid axis of the beam element,
respectively. In this study x.(s) is expressed as

s 1
Xs) = uy + Ef (1 - 6% — 6" dg @)
-1
where

—d

6, = dt(s) )
d

g, = 2O ©)

ds

SR

Fig. 2 Finite rotation of vector.

and where u,, is the displacement of node 1 in the x, direction,
and £ = —1 + 2s/S is a nondimensional coordinate. Due to
the definition of the element coordinates, u;, = 0. Let £ denote
the chord length of the deformed centroid axis. Making use of
Eq. (4), we obtain

i
S=2€/J (1-6-6)"dé )
-1

The tangent unit vector of the deformed centroid axis at point
P may be expressed as

t = {cos#,, 65, —6,} (8)
where
cosb, = (1 — 6% — 65" &)

and 6, and 6; are defined in Eqs. (5) and (6), respectively.
Let e; and ¢€j(i = 1, 2, 3) denote the unit vectors associated
with the x; and x] axes, respectively. Note that x; axes coincide
with x] axes in the undeformed beam, and e} coincides with
the vector ¢ in Eq. (8). In this study, the triad ¢; in the de-
formed state is assumed to be achieved by the successive ap-
plication of the following two rotation vectors to the triad e;:

6,=6,n (10)
and
0, = 0,¢ (11)

where ¢ is defined in Eq. (8), 6, is the inverse of cosé, given
in Eq. (9), and n is the unit vector perpendicular to the vectors
e, and f and given by

n =10, 0,/(6; + 65", 6,/(65 + 65"}

= {0’ ny, n3} (12)

As can be seen, 8, in Eq. (10) and 6, in Eq. (11) are de-
termined by 6 = 1, 2, 3). Thus, 6; are called rotation pa-
rameters in this study. The triad e; are rotated about the axis
with unit vector n by the application of the rotation vector 6,
to an intermediate position e;. Note that the unit vector e} co-
incides with the unit vector £. Then the triad e/ are rotated
about the axis with unit vector ¢ by the application of the ro-
tation vector @, to their final positions e]. It should be noted
that the triad ] are uniquely determined for a given set of triad
e; and rotation vectors 8, and 8,; the rotation vectors 8, and 8,
are uniquely determined for a given set of e; and .

By using Egs. (1), (10), (11), and (12) to the vectors e; (i
= 1, 2, 3), the relation between the vectors ¢; and &} in the
element coordinate system may be obtained as

e =[t, R}, R))e; = Re;

R, = cosOR, + sin6,R,

R, = —sin®,R, + cosO,R,,

R, ={—6,, cosB, + (1 — cosfn3, (1 — cosd,)n,n;}

R, = {6,, (1 ~ cosB)n.n,, cosb, + (1 — cosh,n?} (13)

where R is the so-called rotation matrix.
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Because the rotation matrix R is a function of rotation pa-
rameters 6; (i = 1, 2, 3), the variation of Eq. (13) may be
written as

de; = €}(0 + 50) — €i(6) = [R(O + 50) — R(O)le;

= 8Re; = 6RR'e; (14)

where 8 = {6,, 6,, 65} is the vector of rotation parameters; 50
and S8R are the variation of @ and R, respectively. Since RR'
= I, where I is the identity matrix of order 3 X 3, 8RR’ is an
antisymmetric matrix. There exists, therefore, a vector é¢p =
{64, 8¢,, 8¢,} satisfying RR' = 8¢ X I,'® where 8¢; are
infinitesimal rotations about x; axes. Through some straight-
forward algebra, the relationship between ¢p and 6@ may be
expressed as

8 = [t, (r, + at), (r, + PH150 = T50 (15)
where

1- 62 6,0, 0,0, 1—65
rn=|-6;,——, , =0, —,

cosf, cos6, cosf, cos6,

% _a 6), B -(1 6) (16
= — cosb,), = — cosf,
02 + 62 03

The inverse relationship to that of Eq. (15) can be obtained
algebraically and expressed as

1 el B

60 =| —80; cosb, 0
0, 0 cosé,

8p =T '8¢ an

Note that if the rotational parameters 6, and 6; are much
smaller than unity, « and 8 may be approximated by !/20; and
—1/,6,, respectively.

Nodal Parameters and Nodal Forces

The global nodal parameters for the system of equations as-
sociated with the individual elements are chosen to be AUy,
the X; (i = 1, 2, 3) components of the incremental translation
vectors AU, at nodes j (j = 1, 2), and ADy, the X; (i = 1, 2,
3) components of the incremental rotation vectors A®; at nodes
j (j =1, 2). When Ad; approach zero, A®; represent infin-
itesimal rotations about the X; axes. Thus, the generalized nodal
forces corresponding to A®; are the conventional moments about
the X; axes. The nodal forces corresponding to AUj; are the
forces in the X; directions.

The beam element developed here has two nodes, which are
located at shear centers of the two end cross sections of the
beam element, with six degrees of freedom per node. Two sets
of element nodal parameters termed “explicit nodal parame-
ters” and “implicit nodal parameters” are employed. The ex-
plicit nodal parameters of the element are used in the assembly
of the system matrices from the element matrices; thus they
must be consistent with the global nodal parameters and are
chosen to be Au;, the x; (i =1, 2, 3) components of the in-
cremental translation vectors Aw; at nodes j (j = 1, 2), and
Ay, the x; (i = 1, 2, 3) components of the incremental rotation
vectors A@; at nodes j (j = 1, 2). The incremental rotational
vectors Ag; are applied to the axes of the element end cross
section coordinates to update their orientations. Following the
arguments concerning the generalized nodal forces corre-
sponding to the global nodal parameters, the generalized nodal
forces corresponding to element explicit nodal parameters A¢;
and Au; are m; and fj;, the conventional moments about the x;
axes, and the forces in the x; directions, respectively.

The implicit nodal parameters of the element, which are used
to determine the deformation of the beam element, are chosen
to be uy, the x; (i = 1, 2, 3) components of the total displace-
ment vectors &; at nodes j (j = 1, 2), and 6;;, the nodal values

of rotation parameters 8; (i = 1, 2, 3) at nodes j (j = 1, 2),
where 6, and 6, are defined in Egs. (5) and (6) and 6, is de-
fined in Eq. (11). The generalized nodal forces corresponding
to the variations of u; are f;, the forces in the x; directions,
and those corresponding to the variations of 6, are generalized
moments m,,, which are not conventional moments, because
the variations of 6 are not infinitesimal rotations about the
fixed axes x;.

In view of Eq. (17), the relations between the variation of
the implicit and explicit nodal parameters may be expressed
as

ou, I 0 o0 0 du,
80, 0 T;" 0 0 |)og,
= = =T
5=\ 5u, 0 0 I 0 |]éu w4 (18)
50, 0 0 0 T,'Ilse,

where T; ' are nodal values of T™', 8u; = {8uy;, Suy, dus}, 86;
= {Sﬂlj, 802], 603j}, and S(b] = {5¢1j, 8¢2j’ 6¢3j},] = 1, 2. The
identity and zero matrices of order 3 X 3 are I and 0,
respectively.

Let f = {fi, m\, fo, my}, fo = {fi, mufz, mg} wheref,
{fljs f2}7 f3}} m; = {mlp my;, mBJ}a and m = {mlp m2p mSJ} ]
= 1, 2, denote the vectors of internal nodal forces correspond-
ing to the variation of the explicit and implicit nodal param-
eters, &g and 8q,, respectively. Using the contragradient law**
and Eq. (18), the relation between f and f, may be given by

f= T 6o 19)

Determination of Element End Cross Section Coordinates,
Element Coordinates, and Element Implicit
Nodal Parameters

Assume that the incremental iterative method is used for the
solution of nonlinear equilibrium equations and the configu-
ration I is known. Here the configuration / may denote the
equilibrium configuration of the previous increment or the
configuration of the previous iteration. Let ‘X, and 'xj; (j = 1
2) denote the node coordinate vectors and element end cross
section coordinates of an element at node j corresponding to
configuration /. Let AU; and A®; (j = 1, 2) denote increments
of displacement and rotation vectors of an element at nodes j
extracted from the global nodal parameter increments of the
system of equations. In this paper, when the configuration 7
denotes the equilibrium configuration of the previous incre-
ment, AU; and A®; denote the nodal displacement and rotation
increments between two successive increments; when the con-
figuration 7 denotes the configuration of the previous iteration,
AU; and A®; denote the nodal displacement and rotation in-
crements between two successive iterations.

The way to determine the current element end cross section
coordinates, element coordinates, and element internal nodal
parameters corresponding to AU; and A®; (j = 1, 2) is given
as follows:

The current node coordinate vectors can be obtained by add-
ing AU; to 'X;. Then the current x, axis of the element coor-
dinate system can be determined by the line passing through
nodes 1 and 2. The current element end cross section coor-
dinates xj; arc obtained by the application of the rotation vec-
tors A®; (j = 1, 2) to the coordinate axes x i=1,23).
Let 8, denote the nodal values of the rotation Vector 0, defined
in Eq. (10) at nodes j (j = 1, 2), which may be given by

)
€ X elj

o 20)
llex X e

— -1
0,; = cos™ (e, - e}))

where e); and e, are unit vectors associated with the xj; and x,
axes, respectively. The x, and x; axes of the element coordi-
nate system are determined by the following two steps.
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Step 1: The rotation vectors —@,; are applied to the xj; axes
(Fig. 3a) respectively. The resultant coordinate axes arc la-
beled xj; axes (Fig. 3b). As can be seen, the x1, axes coincide
with the x; axis and the xzj and x3j axes are perpendicular to
the x; axis.

Step 2: The unit vectors e; (Fig. 3b) associated with x; (i =
2, 3) axes of the element coordinates are defined as

S 4 et
o= e @
”eil + ea”

where € (i = 2, 3, j = 1, 2) are the unit vectors in the di-
rections of xj; axes.

The implicit nodal parameters 6,; and 6y corresponding to
8,; given in Eq. (20) can be determined from Egs. (9), (10),
and (12). However, based on the assumption of small defor-
mation, the x; (i = 2, 3) components of the rotation vectors
8,, may be used as 6,; and 0. Let 0e, (j = 1, 2) denote the
rotation vectors that could rotate the x, axis to the xzj axes,
respectively. From Eq. (11) and the definition of implicit nodal
parameters, it is clear that 6y, are the implicit nodal parameters
to be determined. Due to the definition of the element coor-
dinate system, except u,,, all of the implicit nodal variables
u; i = 1,2, 3,j=1, 2) are identical to zero. The values of
u;, can be obtained from the difference between the current
and the original chord length of the beam element.

%

‘Qm

Deform ed end section

Fig. 3a Step 1 for the determination of x, and x; axes of the
element coordinates.

Xsp 4%

P
o 631

12

911 Qm

Fig. 3b Step 2 for the determination of x, and x, axes of the
element coordinates.

Kinematics of Beam Elements

The deformations of the beam element are described in the
element coordinate system. From the assumptions made at the
beginning of this section, the deformations of the beam ele-
ment may be determined by the displacements of the centroid
axis of the beam element, orientation of cross section (element
cross section coordinate system), and the out-of-plane warping
of the cross section. The position vector r of an arbitrary point
Q (Fig. 1) in the deformed beam, which has position vector
ro = xe; + ye, + ze; in the undeformed state, may be written
as

r = xJ(s)e, + v(s)e, + w(s)e; + ye; + zej + 6, ,wei (22)

where x.(s), v(s), and w(s) are the x; (i = 1, 2, 3) coordinates,
respectively, of the point (x, 0, 0) on the undeformed centroid
axis as mentioned; 6;; is the twist rate of the cross section
along the deformed centroid axis, 6, is defined in Eq. (11),
and w = (y,z) is the Saint Venant warping function for a
prismatic beam of the same cross section.

Here, v(s) and w(s) in Eq. (22) are assumed to be the cubic
Hermitian polynomials, and 6; in Eq. (11) is assumed to be
linear polynomials along the deformed centroid axis of the beam
element and may be given by

v(s) = {N1, N2, N3, NJJ{uzi, 031, uz, 03} = Niu, (23)
w(s) = {N1, —Na, N3, =N J{us1, 021, us, 0} = Nou.  (24)

0i(s) = {Ns, Ns}t{on, 0.2} = Ngu, (25)

where uy; and us; (j = 1, 2) are the nodal values of v and w
at nodes j, respectively; 8; are the nodal values of 6; (i = 1,
2, 3) at nodes j (j = 1, 2), respectively; N; (i = 1-6) are
shape functions and are given by

—1 2 S 2
N =0 =62+ 8, Nz=g(1—§)(1—§)
—1 2 — S 2
Ny=1,(+ 82— 8, N4—§(—1+§)(1+§)
Ns =11 - §), Ne=1/(1+ ¢ (26)

where § is the current arc length of the centroid axis, and ¢ =
-1 + 2(s/8).
The displacement vector of point Q is represented as

u=r-—r, 27

Substitution of Eqs. (4), (7), (13), and (22) into Eq. (27), and
use of the approximation cosf, = 1 — Y03 — 1,63, the x; (i
= 1, 2, 3) components of the dlsplacement vector u = {u,,
u,, us} may be expressed as

u, = u — y(6; cosf, — 6, sinf,)

+ z(6, cost; + 0, sinf)) + 8, . (28)
u, = v + y[(1 = 11203) cosb; + /36,6, sinf, — 1]
+ z[Y26,85 cos8, — (1 — Y/403) sinf;] + 6, 03w 29
u; = w + yl1/56,0; cosB, + (1 — 1/,83) sind,]
+ z[(1 — 1/263) cosh, — Y20,8; sing, — 1] — 8, b0
(30)
where
1
1+ 1
u = uy +€{————§[1 +—j (63 + 02) d¢
2 4],
'3
1 2 2:
3 (03 + 0 dép — x @31
-1
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In this study, the Green strains are used for the measure of
strain. Using assumption 4, we only consider the strain com-
ponents €, €, and &3, which are given by

2 2 2
€n =t Yolur, + us, + us,)

€12 = Yolury + ua) + Yaluy sty y + uzttny + uzus,)

€3 = Yoluy, + usy) + Yoluycu, + wpup, + usu3;)  (32)

Using the chain rule for differentiation and Eq. (2), ( ), in
Eq. (32) may be expressed as

Ox=0)1+ €) (33)

Substituting Eqs. (28-31) and (33) into Eq. (32) and ne-
glecting terms of third and higher orders (i.e., products of three
displacements or their derivatives) yield

€, = € + oed + (1 + &)’ [¥(—8;,cosh + 8, sind,)

+ z(6,, cosd; + 8, sind,) + Yy (01, + 63,) cos?6,

+ 1207, + 63,) cos’0, — yz8, 05, cos’0] (34)
€2 = Yo(1 + €)(—2 + @,)0,, + /o2(0,05 s — 6:6,)

+ w,0,(20,, — y8;) + 6,0;,0] (35)
€3 = Yol + IO + )0, + Y23(6:6,; — 6,0, ,)

+ @0, (20, — y65 ) — 6;,:6,,0] (36)

with

1

_f 1 2 2 _
e(,—L[H/4 (02+03)d§] 1 37

-1

Element Nodal Force Vectors

The element nodal force vectors corresponding to the im-
plicit nodal parameters are obtained from the virtual work prin-
ciple. For convenience, the implicit nodal parameters are di-
vided into four generalized nodal displacement vectors, u; (i
= a, b, ¢, d), where

u, = {ulh U} (38)

and u,, u,., and u, are defined in Eqgs. (23), (24), and (25),
respectively. The generalized force vectors corresponding to
éu;, the 'Variation ofu; (i = a, b, ¢, dy are

L=t fo={fas mgl,fzz, mgz}
fo={fn> mgl,faz, mgz}, Ji= {m?l, m‘l’z} 39

where f;; are the forces in the x; directions and m, are the gen-
eralized moments as mentioned before.
The principle of virtual work requires that

Sulf, + Sulf, + Su.f. + ou.f,
= J (01,86, + 20,0€,, + 20:0€5) dv (40)

where v is the volume of the undeformed beam element, J¢;;
(J = 1, 2, 3) are the variation of €,; in Egs. (34-36), respec-
tively, with respect to the implicit nodal parameters. The sec-
ond Piola-Kirchhoff stresses are o,,, 0,, and o;. For linear
elastic material, the following constitutive equations are used:

oy = Eeyy, 0, = 2Gep, o013 = 2Géy; 41)

in which E is the Young’s modulus, and G is the shear modulus.

Substituting Eqs. (23-25), (34-36), and (41) into Eq. (40),
retaining the terms up to the second order of nodal parameters,
and equating the coefficients of du; (i = a, b, ¢, d) on both
sides of Eq. (40), we may obtain

f. = G, [AEL(e, + %/s€3) + EL[(3205, — 05,,6%,) ds

+ EL[(203, — 6,:6%,) ds + LEL[6]  ds] 42)
Jo = AEL(1 + €)€iGy, + EL(1 + 4€)[N}0; , ds

— E(I, — I){N}6:0, . ds — Ea,[N ("8}

+ 3503 ,) ds + 3Ea,, [N70, 05, ds

GJ
- EaznyZ(l/20%,s + 3/20%,5) dS - 7 ngol,SBZ ds

GJ )
+ = INiB, 62, s + 2G1IN}6] s (43)

f. = AEL(1 + €)€iG, — EI(1 + 4€)[N"6, , ds
+ E(, — L)[N16,6;,ds — Ea,, [N/(}/20},

+ 31,03 ,) ds + 3Ea,, [N, 0, , ds

GJ
- EaszZ(l/Zo%,s + 3/20%,5) dS - 7 IN201,503 ds
GJ ,
+ 7 JN:8, 6;,ds + 2GJ,[N107 ; ds 44)

GJ
Ja=GJ1 + €o)sz;91,s ds — Tth’i(0203,s - 0302,s) ds

— 4GJ [N}, 0, , ds + AGI,[N}0, 65, ds

— E(, — 1,)JN 8,0, ds + ELe,fN.6, , ds

~ E(a, + a,) N6, 05, ds

+ B(a, + ay,)[N8,46,, ds (45)

where A is the cross section area, S is the current arc length
of the centroid axis of the beam, the range of the integration
for the integral [( ) ds in Egs. (42—45) is from 0 to S,

1

1 ¢
G.=-{-1,1}, G,=— | N, d¢
(L G o) 305 d¢
1

Ge=—| N,

-1
0%, = {2N1, N3, 2N3, NiYu, = N§"u,
0%, = {2N1, —N3, 2N3, — NiYu. = N#"u, (46)
I,=J7dA, L=[y"dA, L=1+1,
a,= [y’ dA, a, = [y’zdA,
a, = [y7 dA, a, = [22dA
J=Jl(—z+ 0)’ +(+we,)ld
Lhi=JyteiwdA, J,=[(—z+w)wdd (47)

It should be noted that because only the terms up to the
second order of nodal parameters are retained in Egs. (42—45)
in this study, the terms of order greater than two in the ex-
pansion of f [Eq. (19)] are neglected.
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Element Stiffness Matrix

The element tangent stiffness matrix corresponding to the
explicit nodal parameters (referred to as explicit tangent stiff-
ness matrix) may be obtained by differentiating the element
nodal force vector f in Eq. (19) with respect to explicit nodal
parameters. Using Eq. (19) in conjunction with Egs. amn, (18),
and (42-45), we obtain

k=" =22 =T, kTs +H (48)
o 345 9q

where ko = (3f5/9g,) is the tangent stiffness matrix corre-
sponding to the implicit nodal parameters (referred to as im-
plicit tangent stiffness matrix), and H is a nonsymmetric ma-
trix and is given by

0O 0 0 O

0 H 0 O
= 49
H 0 0 0 O “9)

0 0 0 H

in which 0 is a zero matrix of order 3 X 3, and
0 mgj —mgj

H =10 0 Yoy, (50)

0 - 1/2”1‘1;,,' 0

Using the direct stiffness method,” the implicit tangent stiff-
ness matrix k, may be assembled by the submatrices

P 63
ou;
where f; (i = a, b, ¢, d) are given in Eqs. (42-45), respec-
tively, and u; (j = a, b, c, d) are defined in Eqgs. (38) and
(23-25), respectively. Note that because only the terms up to
the second order of nodal parameters are retained in Egs. (42—
45), only the terms up to the first order in Egs. (50) and (51)
are retained. The explicit form of k; may be expressed as

k. = AEL(1 + 3€)G.G,
= ki, = AELG,G), + ELG,[JN (505, — 0%,) ds
— IN#"0;, ds]
k. = K, = AELG,G. — ELG[[N}(56,, — 6%,) ds
— IN¥"8,, ds}

kos = ki = ELLG, N0, , ds

o = AEfe, f
bb 2 »

— 3Ea,fNyN

Ny dé + EL(1 + 4€)[N}N} ds

16y, ds + 3Ea,[NINY6,, ds

ks = Ky = E, = L)[N{NT, ds = 3Ea, [NINZ6;, ds

+ 3Ea, fNiyN78, ds + —f(N NS — Ny;NH, ; ds
kbd = kf%b = _E(Iz - Iy)fNZ :102,s ds

GJ
— E(a, + o, )fN;Nj0, ;ds — 7fNZN,}'02 ds

G 1"
+_—be 02_;dS+4G.12fN Ndol’sds

. =0.127 X 107! m, EI, =

AEeEO
k.= > N'N"dg + EL(1 + 4€)JN!N" ds

- 3Ea, fN'N"0, , ds + 3Ea,[NIN"6,, ds

kcd = ktdc = E(Iz - Iy)fNZN:iBBS.s dS

"yt GJ t
_E(ayz+az).ch dol,sds—7INg 4’103ds

GJ
+ > fN.Nj0,,ds + 4GJ,[NNJ0, . ds

ku = GJ(1 + 2€))JN;N} ds — 4GJ,[N N6, , ds

+ 4GJ2fN:1N:;03’S ds + EIPEQIN‘QN: ds
— E(a, + a,)[NiN}0;  ds

+ E(a, + a,,)[N;Nj0, ds (52)

III. Applications

An incremental-iterative method based on the Newton-
Raphson method combined with constant arc length®* is adopted
for numerical studies. To improve the convergence properties
of numerical iteration, the two-cycle iteration scheme intro-
duced in Ref. 22 is also employed here. The adopted conver-
gence criterion is

el

N”P“ p!ol (53)
where |l¢|| is the Euclidean norm of the unbalanced forces, |P|
is the Euclidean norm of the applied forces, N is the number
of system of equations, and p,, is a prescribed value of error
tolerance.

The example considered is a cantilever beam subjected to
an end load as shown in Fig. 4. Its geometry and material
properties are'*'>®: L = 0.508 m, b = 0.3175 x 107% m, h
36.2695 N-m’®, EI, = 2.2268 N-m
(case A), EI, = 2.4783 N-m’* (case B), and GJ = 2.9623 N-
m°. The value of EI, for case A is taken from Ref. 15, which
was obtained by d1v1d1ng El, by 16, based on the cross-sec-
tional aspect ratio of 4. The value of EI, for case B is taken
from Ref. 14, which makes the first flatwise frequency with
zero tip load match the experimental value given in Ref. 25.
The present results are referred to as present-A and present-B
for case A and case B, respectively.

The beam is idealized using 10 equal beam elements. The
error tolerance is set to 10™*. The present results are compared
with the expen'mental results given in Ref. 25 and the nuo-
merical results given in Ref. 15.

The results for the end displacements Vp, Wy, and the tip
twist angle ¢ (see the appendix of Ref. 15) vs applied load
are shown in Figs. 5a—5c, respectively. It is seen that the pres-
ent results, especially the results of present-B, are in excellent
agreement with the experimental results. Figures 6a—6¢ show
V1w, Wi, and Jmp, respectively vs the loading angle for three
values of the tip load. In all cases; very good agreement be-
tween the present results and the experimental results is obtained.

Pe
, Ly
1— Ilg-on
+«
# . Y, Vap Fe

Fig. 4 Cantilever beam with an end load.
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Fig. 5a Edgewise tip displacement vs tip load.
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Fig. 5b Flatwise tip displacement vs tip load.

%o (degrees)
N WA O N B © O

Tt 1 1 1+ 1+ 1t ¢ §F§F 17 1T 77 17 7°17T°7

—_

o

) 1 i i 1 1 11
4 8 12 16 20 24
TIP LOAD, P, (N)

o)

Fig. 5¢

1 ] i ] 1 J
4 8 12 16 20 24
TIP LOAD, P, (N)

Tip twist angle vs tip load.
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Fig. 6a Edgewise tip displacement vs loading angle.
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Fig. 6b Flatwise tip displacement vs loading angle.
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Fig. 6¢c Tip twist angle vs loading angle.

IV. Conclusions

A corotational total Lagrangian formulation of beam ele-
ment is presented and applied to the nonlinear analysis of three-
dimensional beam structures with large rotations but small
strains. The nonlinear coupling among the bending, twisting,
and stretching deformations is considered. A motion process
and three rotation parameters are proposed to determine the
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orientation of the element cross section. The major geometric
nonlinearities were shown to be embodied in the coordinate
transformation when forming the element assemblage by the
corotational formulation. The accuracy and efficiency of the
proposed method are demonstrated by the results of numerical
examples compared with the numerical and experimental re-
sults reported in the literature.

Despite the fact that the formulation of the beam element is
relatively simple, highly accurate solutions are obtained. It is
believed that the corotational total Lagrangian formulation of
beam element proposed in this paper may represent a valuable
engineering tool for the solution of nonlinear spatial beam
structures.
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